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Abstract 

We explicitly derive, following a Noether-like approach, the criteria for preserving Poincare 
invariance in noncommutative gauge theories. Using these criteria we discuss the various 
spacetime symmetries in such theories. It is shown that, interpreted appropriately, Poincare 
invariance holds. The analysis is performed in both the commutative as well as noncommu- 
tative descriptions and a compatibility between the two is also established. 
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1 Introduction 

The issue of Lorentz symmetry in a noncommutative field theory has been debated El El IU 
03 EE El El HQ] seriously, but it still remains a challenge leading to fresh insights ^2 E] • The 
problem stems from the fact that pointwise multiplication of operators is replaced by a star 
multiplication: 

A(x)B(x)->A(x)*B(x), (1) 
which is defined as 1 



A(x)*B(x) = exp {^-9 aP d a d'^j A(x)B(x'] 



(2) 



where 9 a ^ is a constant anti-symmetric object. Hence the ordinarily vanishing commutators 
among spacetime coordinates acquire a non-trivial form: 

[s", x u ] -> [a^, x u }+ = x^*x u -x u *x^ = W lv . (3) 

Since 9^ v is constant, theories defined on such a noncommutative spacetime are considered to 
violate Lorentz invariance. 



1 This is the so called canonical definition. There are other realizations like the Lie-algebra valued structure 
or the q-deformed structure |13|. 
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Nevertheless, in spite of this vexing problem, the basic issues of noncommutative field the- 
ory, like unitarity ^3], causality JH], mixing of UV/IR divergences fH^, anomalies [T7 | ITH 1 ITH] 
are discussed in a formally Lorentz-invariant manner, using the representaion of Poincare al- 
gebra. To achieve a reconciliation, therefore, it is essential to obtain a conceptually cleaner 
understanding of Lorentz symmetry and its interpretaion in the noncommutative context. The 
aim of the present paper is precisely to provide such a study. 

We adopt a Noether-like approach 2 to analyse the various spacetime symmetries of noncom- 
mutative electrodynamics. This paper deals with the classical (non-quantized) electromagnetic 
field. Although the present study is confined to the U(l) group, it can be extended to other 
(non-Abelian) groups. Since 9^ v is a constant, it appears as a background field in noncommu- 
tative electrodynamics. The Noether analysis, which is usually done for dynamical variables, is 
reformulated to include background fields. Now there are two possibilities for a constant 9^. 
It may either be the same constant in all frames or it may transform as a second-rank tensor, 
taking different constant values in different frames. It is found that although the criterion for 
preserving translational invariance is the same in both cases, the criterion for Lorentz invariance 
(invariance under rotations and boosts) is different. An explicit computation shows that the 
criterion for Lorentz symmetry is satisfied only when 9^ transforms as a tensor. Translational 
invariance is always satisfied. We also show that the transformations are dynamically consis- 
tent since the Noether charges correctly generate the transformations of an arbitrary function of 
canonical variables. Also, these charges satisfy the appropriate Lie brackets among themselves. 

As is well known, noncommutative electrodynamics can be studied in two formulations; 
either in terms of the original noncommutative variables or, alternatively, in terms of its com- 
mutative equivalents obtained by using the Seiberg-Witten maps |2()j . Our analysis has been 
carried out in both formulations, up to first order in 9. A complete equivalence among the 
results has also been established. This is rather non-trivial since there are examples where this 
equivalence does not hold. For example, the IR problem found in noncommutative field theory 
|211I22| is absent in the commutative- variable approach [23], revealing an inequivalence, at least 
on a perturbative level. 

It is reassuring to note that an important feature |S] of quantum field theory on 4-dimensional 
noncommutative spacetime, namely, the invariance for a constant non-transforming 9 under the 
SO(l, 1) x SO(2) subgroup of Lorentz group is reproduced by the criteria found here. This has 
been shown in both the commutative and noncommutative descriptions. 

The paper is organized as follows. In Sec. the occurrence of noncommutative algebra in 
various approaches and their possible connections is briefly reviewed. In Sec. 01 the implications 
of Lorentz symmetry in a toy model comprising a usual Maxwell field coupled to an external 
source are discussed. Sections @] and |S] provide a detailed account of Lorentz symmetry in 
noncommutative electrodynamics, first in the commutative- variable approach and then in terms 
of noncommutative variables, respectively. Concluding remarks are left for Sec. H3 

2 A brief review of noncommutative algebra 

We start by briefly reviewing Snyder's algebra )24| . The special theory of relativity may be 
based on the invariance of the indefinite quadratic form 



for transformation from one inertial frame to another. We shall use (—,+,+,+) signature for 
the flat Minkowski metric r)a V - It is usually assumed that the variables take on a continuum 



2 A somewhat similar approach, but with a different viewpoint, was followed in Ref. 3 . 




(4) 
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of values and that they may take on these values simultaneously. Snyder considered a different 
situation. He considered Hermitian operators, x^, for the spacetime coordinates of a particular 
Lorentz frame. He further assumed that the spectra of spacetime coordinate operators x^ are 
invariant under Lorentz transformations. The later assumption is evidently satisfied by the 
usual spacetime continuum, however it is not the only solution. Snyder showed that there 
exists a Lorentz-invariant spacetime in which there is a natural unit of length. 

To find operators x^ possessing Lorentz-invariant spectra, Snyder considered the homoge- 
neous quadratic form 

-{y? = (yo) 2 - (yi? - (y 2 ) 2 - (y 3 ) 2 - M 2 = -y^ - M 2 , (5) 

in which y's are assumed to be real variables. Now x^ 1 are defined by means of the infinitesimal 
elements of the group under which quadratic form © is invariant. The x^ are taken as 

in which a is the natural unit of length. These operators are assumed to be Hermitian and 
operate on the single-valued functions of y^yi- The spectra of x l , i = 1,2,3, are discrete, but 
x° has a continuous spectrum extending from — oo to +00. Transformations which leave the 
quadratic form © and 7/4 invariant are covariant Lorentz transformations on the variables y%, 
2/2) 2/3 and yo, and these transformations induce contravariant Lorentz transformations in x^. 
Now six additional operators are defined as 

M "~ 1 (» ,, £-<;)- (7) 

which are the infinitesimal elements of the four-dimensional Lorentz group. The ten operators 
defined in Eqs. (jHJ) and © have the following commutation relations: 



\a z M^, (8) 



x 



i ( xPrf x - x v rf x ) , (9) 



M M/ya _ M mr f f? + M ua 7]^ - M^rf"*) . (10) 



The Lorentz SO(3, 1) symmetry given in Eq. ()1(J|) is extended to SO(4, 1) symmetry specified 
by Eqs. (Pl-ltTO. 

Since the position operators x l have discrete spectra, we can understand it in terms of a 
non-zero minimal uncertainty in positions. It is possible to obtain the space part of Snyder 
algebra by considering the generalized Heisenberg algebra 3 (with h = 1): 



[xi,Pj] = itfyV 1 + a 2 PkPk, (11) 

which implies non-zero minimal uncertainties in position coordinates, and preserves the rota- 
tional symmetry. Representing the generalized Heisenberg algebra on momentum wave functions 

Piip(p) = Pi^ip), (12) 



Xiijj(p) = + a 2 p k p k d Pi ip{p), (13) 



3 The space part of Snyder algebra can also be obtained from another generalized Heisenberg algebra considered 
in Ref. 
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we get the commutation relation among the position operators: 



[xi,xj] = -a 2 (pid P] -pjd Pi ) = ia 2 Mij, (14) 
where we have defined 

My = i (pid Pj - Pjd Pi ) . (15) 
Thus we have 

[Mij,x k ] = i (Xi5 jk - Xj5 ik ) , (16) 

[My, M kl ] = i (M u S jk - M ik 5ji + M jk 5 u - M fl S ik ) . (17) 

The algebra l)14[) . ((TH|) and (|T7|) exactly reproduces the space part of the Snyder algebra (|8])-([1U|). 

Doplicher et al. |26| I27j proposed a new algebra (DFR algebra) of a noncommutative space- 
time through considerations on the spacetime uncertainty relations derived from quantum me- 
chanics and general relativity. This algebra defines a Lorentz-invariant noncommutative space- 
time different from Snyder's quantized spacetime. Their algebra is given by 



e^,x 



iO"", (18) 
= 0, (19) 
= 0. (20) 



Recently, Carlson et al. @] rederived this DFR algebra by "contraction" of Snyder's algebra. 
For that they considered 

M» v = £0^, (21) 

and the limits b — > 0, a — > with the ratio of a 2 and b held fixed: (a 2 /b) — ► 1. The result of 
this contraction is the algebra given by Eqs. ()18|) - ()2Uj) . It also follows that 

M^, 9 a/3 = i (VV" + O ua rj^ - O^rfP - Q vP rf a ^ . (22) 

Since a — > is a part of the limit, the contracted algebra corresponds to a continuum limit of 
Snyder's quantized spacetime. 

The validity of this contraction process is questionable. Let us recall the familiar contractions 
of the group SO(3) to the group E2, and of the Poincare group to the Galilean group. In the limit 
of infinite radius, SO(3), which is the symmetry group of the surface of the sphere, contracts 
to E2, the symmetry group of a plane. Likewise, in the low- velocity limit, the Poincare group 
contracts to the Galilean group. These contractions involve taking limit of one parameter only 
whereas the above mentioned contraction of Snyder algebra to DFR algebra is achieved by taking 
limits of two parameters, a — > and b — > 0. Furthermore, in the standard group contraction we 
can identify a mapping among the generators of the two groups, but in the mapping (|21[) . Q^ v 
is not a generator associated with any symmetry group. In this context, therefore, we agree 
with Kase et al. 5 a that there is no connection between the two algebras. 

In this paper we shall consider noncommutative electrodynamics which is obtained by a 
standard deformation of the usual (commutative) Maxwell theory, replacing pointwise multipli- 
cation by a star multiplication defined by Eq. © . We shall show in what precise sense Lorentz 
symmetry is interpreted to be valid, or otherwise. To facilitate our analysis we first develop the 
formulation in the context of a simple toy model. 
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3 A toy model 



We know from Noether's theorem that the invariance of action under a symmetry group, and 
a spacetime transformation in particular, implies the existence of a current satisfying a 
continuity equation d^J^ = 0. We shall now investigate what happens when the action contains 
vector or tensor parameters which are not included in the configuration space, i.e., there are 
external vector or tensor parameters in the theory. Before we consider the noncommutative 
Maxwell theory, which contains a tensor parameter 6 a @, it will be advantageous to first start 
with a simpler case. 

We consider ordinary Maxwell theory with the potential coupled to an external source: 



S = fd A x^ = -fd A x (-F^F^+fA^ 



(23) 



Here jn is taken to be a constant vector, i.e., it is constant but transforms as a vector when we 
go from one coordinate frame to another. 4 Here we would like to mention that for the realistic 
current sources, corresponds to a vector function which is localized in space. In this sense, 
therefore, should be treated as a hypothetical source as it has been taken to be constant 
throughout. We are just interested in studying the Lorentz-transformation property of this 
system. 

Let us consider an infinitesimal transformation of the coordinate system: 

X M x 'm = x m + Sx n f (24) 

under which and transform as 

A*(x) -> A'^{x') = A"(x) + 8Ai>(x), (25) 
f^^ = f + 8f. (26) 

The change in the action resulting from these transformations is 

5S= [ d 4 x'^{A' v {x'),d' tl A' v (x')-j' v ) - / d 4 x^(A u (x),d^A u (x);j u ), (27) 
Jn 1 Jn 

where is an arbitrarily large closed region of spacetime and fi' being the transform of O under 
the coordinate change (|24j) . The above change in action can be rewritten as 



5S= / d 4 x [^(A' u (x),d^A' u (x);f u ) - J? (A u (x),d^A u (x)-j u )] 
Jn 

+ [ d A x^(AUx),d fl A > u (x);f u ). (28) 
Jn'-n 

The last term, an integral over the infinitesimal volume Q' — £1, can be written as an integral 
over the boundary d£l: 

[ d\JZ {K^K-Ju) = f dS x 5x x ^{A u ,d^A u] j u ) 
Jn'-n Jan 

= [ d*xd x \5x x J?(A u ,d^A„;j u )} , (29) 
Jn 1 J 



4 Later we shall also consider the case where does not transform like a vector but is fixed for all frames. In 
that case, one expects that the Lorentz invariance of the action will not be preserved. 
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where Gauss theorem has been used in the last step. For any function f(x), we can write 

5f = f{x') - f(x) = Sof + 5x^f, (30) 

where 5q/ = f'(x) — f(x) is the functional change. Note that since we have taken to be 
constant, 5oj^ = 6j^. Now we have 



JSf " & (A u (x),d^A v (x);j u ) 



3A V u " d(d„A 
Using the equation of motion 



d„ 



0, 



dA u 

and the relations (|29[) and (j31|h we can cast Eq. 1)28(1 as 



(31) 



(32) 



(55 



d 4 x 



c*(c^ 



In view of Eq. (J3UJ) , we can write 5 



55 



d 4 x 



ft, 



where is the canonical energy-momentum tensor defined by 



d{duA a 



-d v A a - rf v ££. 



(33) 



(34) 



For spacetime translations, bx 11 = a^, a constant, while SA^ = and Sj^ = 0. So the 
invariance of the action under translations implies 



j d 4 x (d^)a u = 0. 



(35) 



Since it is true for arbitrary a u , we must have 
d^ u = 0. 

This is the criterion for translational invariance of the action. 

In the case of infinitesimal Lorentz transformations (rotations and boosts), 5x^ 
5A p = u> flu A u and 5j p = u> pv j u ', where uj^ is constant and anti-symmetric. So the invariance 
of the action implies 



UJ,, V X 



d 4 x 



-A p 



d{d^A x ) d{d^A p) 

Since it is true for arbitrary u\ p , we must have 



dj. 



-f 



dj. 



-J 



uj Xp = 0. 



Q Mfl \ P + 



dj£_ 
dj\ 



dip" 



0. 



(36) 



5 Now onwards we drop the explicit display of Q as we take this to correspond to entire spacetime in a suitable 
limit. 
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where 

a ce a <■/> 

M ^ P = a ~ 7^T^ AX ~ T ^ V + T ^ xX - ( 3? ) 

d(dpA x ) d(d^A p ) 

Therefore, the criterion for Lorentz invariance of the action is 

d^M^P - A x f + A p j x = 0. (38) 

Now we shall obtain the criteria for translational invariance and Lorentz invariance of the 
action when jp is not a genuine vector but has the same constant value in all frames. In that 
case we have SjP = not only under translations but also under Lorentz transformations. 
Therefore the last term inside the parentheses on the right-hand side of Eq. (|33|) drops out and 
the criteria for the invariance of the action turn out to be 

d^ v = 0, (39) 
d^M^P = 0. (40) 

Thus, the criterion for translational invariance is the same irrespective of whether jP is a genuine 
vector or not. However, this is not the case with the criterion for Lorentz invariance. 

Now we shall explicitly evaluate dpTP v and dpMP Xp for our toy model (|23fl . This will 
obviously be independent of whether jP transforms like a vector or not. Using 

dA p H d{d K A p ) 

the equation of motion (|32j). and the definition (|34jl of energy-momentum tensor, we find 

dpTP v = 0. (41) 

Also, using the equation of motion ()32j) . Eq. ()41j) and the defintion ()37|) of M pXp , we find for 
our theory (|23|) that 



dpMP xp = A X j p - A p j x . (42) 

As mentioned earlier, the results (|41|) and (|42j) do not depend whether jp transforms like a 
vector or not. 

We have seen that the criterion for translational invariance is the same, dpTP" = 0, in both 
the cases, independent of whether jp transforms like a vector or not. This is satisfied in view of 
Eq. (|41j) . thereby indicating that our toy model has translational invariance in both the cases. 
However, the criterion for Lorentz invariance is different in the two cases — see Eqs. (|38j) and 
(|40l) — whereas what we have actually found is given by Eq. ()42|) . Since this agrees with the 
criterion (|38|) . our model has Lorentz invariance only when jp transforms like a vector, and not 
in the other case. 

We shall now show that using the Noether charges 

PP = J d 3 x T°p , JP V = J d 3 ^ M°p v , (43) 

and the canonical equal-time Poisson brackets {Ap(t, x), n y {t, y)} = 5^<5 3 (x— y), we can generate 
the transformations of the dynamical variables Ai and it 1 : 

{A h Q v } = C v Ai, {tt\ Q v } = C V 7r\ (44) 
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where Qq^ = P^, Q x ^d^ = Jpv and CyAi stands for the Lie derivative 6 of the field A,- L with 
respect to the vector field V associated with the charge Qy. 
The canonical momenta of the theory are 

*°=mM)= a - (45) 

It follows from the definitions (|34[) and l|37|) that 

T 00 = n%A° - - 1 /••,, /•"•' - j^A/j,, (47) 

T 0i = T^dMj, (48) 

M ooi = _ T oo x i _ ^i A o + a-o^-gi^. ; ( 49 ) 

M ^' = tiM' - x j 7r fc 0M fc - vr J A* + xV fc d J A fc , (50) 

where we have used Eq. (|46|) to eliminate velocities in favour of momenta. Now we compute 
the Poisson brackets of the field Aj with the charges: 

{A i ,P j } = d j A i , (51) 

{^,^0} = ^ + ^ = d A h (52) 

{A, J fc /} = rj ik Ai - xid k Ai - r] U A k + x k diAi, (53) 

{Aj, J oi } = -xi (diA + 7Tj) - 7] U A + x ^Aj = -x;<9 Aj - %A + a^Ai, (54) 

where the definition (|46|) of momenta has been used in the second steps of Eqs. (|52|) and (|54|) . 
Since 

C a ^Ai = d^A u (55) 

Aj = rji^Av — Xyd^Ai — Tii V A^ + x^dvAi, (56) 

it follows that 

{A,/^} = £ 9m A, {A, J^} = C X[ti a v] Ai. (57) 
The brackets of the momenta 7Tj with the charges are 

{iTi,Pj} = djiTi, (58) 

KP } = d k F k i -j i = d TVi, (59) 

{TTi, Jfcz} = ^ifcTTi - XzdfcTTj - rjUTTk + £fc<9;7Ti, (60) 

{TTi, J z} = -X/ (<9fcF fc j - ji) + X0^7Ti - Fu = -Xld TTi + Xo^VTj - F U , (61) 

where, in the second steps of Eqs. (joH)) and (|oT|) . we have used 9o7r J = d k F kl — f which is a 
consequence of the equation of motion (|32|) : 

d li Fi JV -f = (62) 
=> 9 F 0i + d fc F fci - / = -5 vr i + 9 fc F fci - f = 0. 



6 If W^;y^(x) — » W'"jly'^(x') for an arbitrary tensor field under the infinitesimal transformation a; M — > x' M = 
a;' 1 — &V M , then the Lie derivative of W(x) with respect to the vector field V(x) = V fl (x)d t _ l is defined as 

{£vW)l:;: {x) = Em ~ (w'tzfc) - w«:3{x)) . 
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Since 7 

Cd^i = d^, (63) 
Zxikdqn = Vik^i ~ xid k TTi - rjuiTk + x k dim, (64) 

^(xod^xtdo^i = -Xld TTi + XodlTTi - F u , (65) 

it follows that 

{^i,P/j} = £d^i, {iTi, J^} = C x ^Q v] TTi. (66) 

Hence we have shown that Eq. (|44|) is indeed satisfied. 
We also find that 

{Pi,Pj} = 0, (67) 
{Pi, Jm} = rjikPi - m p k, (68) 

{Jij, Jkl} = VjkJil + VilJjk — VikJjl ~ Vjl^ik- (69) 

Now it follows that restricting to kinematical generators (Pi and Jij) only, we have 

{Qu,Qv} = Q[u,v]- (70) 

Thus we see that although doQv ^ (for rotations and boosts), we still have Eqs. (jUjl and 
(J7UJ). This is necessary for establishing the dynamical consistency of the transformations. 

It should be stressed that the Hamiltonian approach violates manifest Lorentz invariance. 
The fact that it gets restored is thus quite non-trivial. A possible way to see the manifest 
violation is through Eq. (|45|). Within the Hamiltonian formulation, however, this equation 
really is a primary constraint and the equality is only "weakly" valid . Time-conserving the 
primary constraint leads to a secondary (Gauss) constraint. This is basically the zero-component 
of the equation of motion (|62[). expressed in phase-space variables: 

drf-faO. (71) 

There are no further constraints. These constraints do not affect the realization of the 3D 
Euclidean symmetry (|67|l— ([69)1 . 

4 Noncommutative electrodynamics: commutative-variable ap- 
proach 

We now generalize the case of vector source considered in the previous section to anti-symmetric 
tensor "source" 6^. We take the noncommutative Maxwell theory: 



\ J d 4 x (iV * F^) , (72) 
where the noncommutative field strength is 



S 4 



dnA u - d u An - i 



A^A V . (73) 



7 It is perhaps worthwhile to mention that while computing the Lie derivative of n 1 , one should keep in mind 
that 7T l are not the components of a 4- vector. Rather, n' are the components of a tensor, it' — F lQ . 
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On applying the Seiberg-Witten maps [2*0] , 



A IM = A^- \d afi A a {d p A^ + Fpn) + 0(9 2 ), (74) 
= F pv - 9 a P (A a d p F^ + F m Fp v ) + 0(6 2 ), (75) 
we get the effective theory in terms of usual (commutative) variables: 



S = - y*d 4 x \f^F» v + {^F m F uP + \Fp a F^ F^ 



+ 0(8 2 ), (76) 



where a boundary term has been dropped in order to express it solely in terms of the field 
strength. Although we have kept only linear terms in 6, our conclusions are expected to hold 
for the full theory. The Euler-Lagrange equation of motion for this theory (in view of the fact 
that J*f does not have explicit dependence on A p ) is 

Maiy^' < 77 » 

Popular noncommutative spacetime is characterized by a constant and fixed (same value 
in all frames) noncommutativity parameter but here first we take 9 a @ to be a constant tensor 
parameter, i.e., it is constant but transforms as a tensor under Poincare transfomations. Pro- 
ceeding as in the previous section, we find that for spacetime translations, invariance of the 
action implies, as before, 

dfjT^" = 0, (78) 

with T» v defined as in l|31Jl . i.e., 

In case of infinitesimal Lorentz transformations, 5xn = uJnuX u , 5An = LVn U A u and b0n V = 



,(9%. With M^ x p defined as in 



ace ace 

MpXp = *,* a ^ AP ~ j^r^ AX ~ T ^ v + TWxX i ( 8 °) 

d(d^A x ) d(d^A p ) 

the analogue of Eq. Q36JI turns out to be 

ace a a? 

+ 2-— 6\ - 2—Q\ = 0, (81) 
which, upon substituting 



I f p^ a p v P _|_ \pp a p 



dd ap ~~ 2 Vf ' ± ' J 



\U>1 



gives us the criterion for Lorentz invariance of the action as 

d^M^f - 9 x a F flu \ F^ a F v P + ^F^F^A + 9 p a F^ (f^F vX + If^F x A = 0. (82) 
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In the case when QP V does not transform like a tensor but is fixed in all frames, we have 
w = under translations and Lore: 
invariance of the action turn out to be 



SOfiv = under translations and Lorentz transformations. In that case, the criteria for the 



d^ v = 0, (83) 
d^M^P = 0, (84) 

which are the exact analogues of the criteria and (|4T?|) . 

Now we shall explicitly evaluate d^TP u and d^MP xp for our model (|76j) . We have 

By 1 / 1 \ 

___ = FP . + e ^ F ^ F ^_ rPF ^ F ^__ eP . F ^ F ^ + e ^ ^ F P aF - p + -F Pa FP°) . (85) 

Taking the derivative of Eq. (|79|) and using the equation of motion (f77|) , yields 

Similarly, taking the derivative of Eq. (|%U|) . using Eqs. (|77j) and and finally substituting 

(jSHJ), we find 



O^M^p = 9 x a F llu (f^F^ + ^F^F**) - d p a F^ (f^F^ + 'F Xa ^j . 



(87) 



The results (|86j) and (|87j) do not depend on whether 0^ u transforms like a tensor or not. 

We have seen that the criterion for translational invariance is the same, d^FP v = 0, in 
both the cases when 0^ u transforms like a tensor and when it does not. This is satisfied in 
view of Eq. (|86[). However, the criterion for Lorentz invariance is different in the two cases — 
see Eqs. (f%2)) and — and what we have actually found is given by Eq. (JH7J). Therefore, as 
expected, our theory has Lorentz invariance only when 0^ u transforms like a tensor, and not in 
the other case. The Seiberg-Witten maps (|74j) and ()75|) have an explicit Lorentz-invariant form 
provided that 6 transforms like a Lorentz tensor, in accordance with the result found here. 

As in the toy model, we now show that the Poisson bracket of the dynamical fields 
and 7T l with the charge is equal to the Lie derivative of the field with respect to the vector 
field associated with the charge. As usual, the Hamiltonian formulation is commenced by 
computing the canonical momenta of the theory: 

vr = 0, (88) 

T?i0 _ nmn | pi p + _ F P°M _ f) in F, F 0k _ fl 0n ( F 0i Fn 4- F mi F \ 
1 u \- t n- t mT^2 nm ± J u 1 kn L v \ A 'On 1 ' -J mn) 

+ B° l {^F mn F mn - V m F 0m ) . (89) 

As before, Eq. (|88j) is interpreted as a primary constraint. Since the definition (|89j) of momenta 
TV 1 contains terms quadratic in "velocities", it is highly non-trivial to invert this relation to 
express velocities in terms of phase-space variables. Therefore, we now implement the condition 8 
9° l = 0, which enables us to write down the velocities in terms of phase-space variables: 

F i0 = 7T i_ mn ( F i n7Tm + ± Fnm A - 9 m F kn ir k . (90) 



7T 



The simplifications achieved by this condition are well known in the Hamiltonian formulation of noncommuta- 
tive gauge theories. It eliminates the higher-order time-derivatives so that the standard Hamiltonian prescription 
can be adopted. 
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It follows from the definitions of T^ v (JTHJ) and M» x p ((5DJ) that 
T 00 = *%A Q 



2 4 3 



1 



1 



-Fi F ■ F A F -Fj F 

n ± ki 1 mj 1 T „ 1 n 1 km 1 



ji 1 ^ km J 



km 



-Fjiir k ir h - F k j7riir' 



T 0i = iri&Ai, 

M 00i 

M 0ij = ^A j - x j w k d i A k - n j A i + x i T: k d j A k 



-T 00 x i -TT i A + x\ j d i A j , 



(91) 

(92) 
(93) 
(94) 



where we have used Eq. (|9()j) to eliminate velocities in favour of momenta. Time-conserving the 
primary constraint with the Hamiltonian J d 3 x T°q yields the Gauss constraint 



dy 0. 

There are no further constraints. 
Now we find 



(95) 



F in 7r m + 2 F nm m 



+ d k AiX 



(96) 
(97) 
(98) 

(99) 
(100) 



{Ai, Pj} — djAi, 

{A, ^o} = Mo + 7n- 9i n F mn ir m - 9" 
{Ai, J M } = r] ik Ai - d k AiXi - 7] U A k + diAiX k , 
{A h J ok } = -x k diA + vr, - ei n F mn TT m - & 

~ VikA . 

As in the toy model, here also we obtain 

{Ai, Q v } = CvAi, {vr\ Q v } = £ v ir\ 

We find that algebra (|67 |) -l|69 |l is satisfied here also, which in turn implies that the condition 
(f70|) holds, i.e., restricting to Pi and Jij, we have 

{Qu,Qv} = Q {u ,v]- (101) 

Finally, we would like to mention that there are certain choices of constant non-transforming 
9 for which the Lorentz invariance can be partially restored. Let us get back to Eq. © which 
characterizes the noncommutativity. Under Lorentz transformation, 5x^ = lo^\x x , this equation 
imposes the following restriction on non-transforming 9: 

W = ^ x 9 Xu - uj u x 9 x>1 = 0. (102) 

There is no non-trivial solution of this set of equations. However, some subsets of this set of 
equations are soluble. It can be easily seen that the equation 

n 01 = co° 2 9 21 + uj° 3 9 31 - u\e 20 - u\9 m = 

is satisfied for 9 02 = 6> 03 = 9 12 = 9 13 = 0. This choice of 9 also solves ft 23 = 0. Thus, 
invariance under a rotation in 23-plane and under a boost in 1-direction can be restored (for 
non-transforming 9) by choosing 



{9^} 



( 6> e 

-6> e 



V -9 r 




9„ 
0/ 



(103) 
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Likewise it can be seen that the invariance under a rotation in 13-plane and under a boost in 
2-direction is restored for 9 m = <9 03 = 9 12 = 9 23 = 0, whereas for 9 01 = 9 m = 9 13 = 9 23 = 0, 
the invariance under a rotation in 12-plane and under a boost in 3-direction is restored. The 
spacetime symmetry group for these choices of 9 is [SO(l, 1) x SO(2)] xi T4, where X represents 
semi-direct product. 

We now show that these results also follow from our analysis. We have shown that the 
criterion for Lorentz invariance when 9 does not transform is d^M^f = 0, Eq. (|84[). For the 
choice (fTf)3|l of 9, Eq. (jH3| indeed gives d^M^ 23 = and c^ikP 01 = 0. Similarly, our analysis 
gives consistent results for the other choices of 9. It is worthwhile to mention that the choice 
1)103(1 has recently been studied |Hj and CPT theorem in noncommutative field theories has 
been proved [£]. 

Noncommutative gauge theories in two dimensions are always Lorentz invariant, since, in 
two dimensions, the noncommutativity parameter becomes proportional to the anti-symmetric 
tensor e^ v , which has the same value in all frames. Our analysis is also consistent with this 
fact; in two dimensions, Eq. 1)87)1 gives d^M^ 01 = 0. 



5 Noncommutative electrodynamics: noncommutative-variable 
approach 

Here we shall reconsider the analysis of the previous section, but in noncommutative variables. 
However, as in the previous section, we again restrict ourselves to the first order in 9. In this 
approximation, the original theory (|72)1 reads 



S 



-I la 4 x 



du.A v [d^A u - d u An + 29 a ^d a A fl d A u d tl A u 



(104) 



The change of A^ under Poincare transformation is dictated by the noncommutativity parameter 
Qfiv ^j-ough th e Seiberg-Witten map 1)74)1: A^ will transform differently depending on whether 
9^ v transforms like a tensor or not. For spacetime translations, however, it does not matter; 
5Afj_ = and 59^ v = imply SA^ = 0. Under Lorentz transformation, 5A^ = uj^ u A v , 5Fp^ = 
(jjf3\F x ^—uj^xF^ p, and b9 lw = ujp La 9 a v — uj va 9 a il if 9^ transforms as a tensor, otherwise 59^ = 
if it does not transform. Therefore, for transforming 9, map (|74)1 gives 



SA, 



(105) 



which is the expected noncommutative deformation of the standard transformation for a co- 
variant vector. For non-transforming 9, 



5A^ = uj^ x A x 



1 



A^d^A a — Afyd^A —2 (A d a A^ — A a d A 



(106) 



Proceeding as in the case of toy model, we find that the change in action under spacetime 
transformations is given by 



5S 



d 4 x 



-5A V - T^Sx u + 



59^ 



d{d, L Au> 

where the canonical energy-momentum tensor is defined as 



(107) 



d v A a - if&. 



(108) 
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Therefore, the criterion for translational invariance of the action, irrespective of whether 9 
is a tensor or not, is 

since 5A U = 59P p = 0. It follows from the definition (|1U8|) that the criterion (|lU9j) is indeed sat- 
isfied once we use the equation of motion (Lagrangian density does not have explicit dependence 
on A^) 

da | ^ 1 = 0. (110) 

This implies that the action ()104|) is invariant under translations. 

In the case of transforming 9, the criterion of Lorentz invariance, using the transformation 
1)1051) . turns out to be 

d^M^P - (d^ - d u A^j {9 x a d a A^d p A u - 9 p a d a A^d x A^ = 0, (111) 

where 

M »\ P = u _±^ A p < ±±^A X - TP x x p + T^ p x x . (112) 

d(d^A x ) d(d^A p ) 

On the other hand, using the transformation ()106[) for non-transforming 9, the invariance of the 
action under Lorentz transformations demands 

d^M^P - h x a (d^Ay - d u A^j 8^ A a (2d p A u - d u AP) - A p (2d a A u - d u A c 



L ' \A V - d v AA dp \ A a {2d x A v - d u A x ) - A x (2d a A u - d v A a ^ = 0. (113) 

Next we compute d fJj MP xp from the definition (|112j) . Using the equation of motion (|110j) 
and 

d x AP - dPA x - 9 al3 d a APd p A x - 9P< 3 d f3 A v [d x A u - d v A x ) , (114) 



d(d^A x) 
it follows from (11121) that 



d.M^P = (duA u - d v AA (9 x a d a APd p A v - 9 p a d a APd x A u ) , (115) 



which shows that the criterion (|lllj) is satisfied and not (|113j) . Thus, the action (|104j) is 
invariant under Lorentz transformations only when 9 transforms as a tensor, which is like the 
case of noncommutative electrodynamics in usual variables, considered in the previous section. 

We shall now establish a connection between the two descriptions of noncommutative elec- 
trodynamics considered here and in the previous section. The Lagrangian densities in the two 
formulations are related by the map 



% = & + le^dp {A a F^FP») . (116) 
Since and differ by a total-derivative term, we have S = S. 
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Now we shall find the maps between T^ v and T^ v as well as between M pXp and M pxp . First 
we apply the Seiberg-Witten map (|74j) on the right-hand side of Eq. (j!14j) and take into account 
Eq. (JH3) to get 



+ 9 ap F Xr7 d a A a + 9 aX F ap F aa - e al3 dfs(A a F Xfl ) + -9 xp F KU F Ka . (117) 



Using the maps (JZU), (FTTH!) and (tTTTl) . we get a map 9 between T pu (FTT7H1) and (JTHJ): 

f »v = rp/iv + an f F ^d a A a d v A x + ^F Xp F xp d u A,}j 



+ 



qa/3 



lF Xp d x A a d»A - d (A a F Xp ) d v A x - -rf v d & (A a F Xp F xp ) 



)-A a F Xp d» (dpA\ + Fp\) 



(118) 



Similarly, using the maps CZS> , (tTTTl) and (ITTHl) . we get a map between M pXp (TTT^T) and M /iAp 
(Sty: 



Ad pXp = M pxp + Mg Ap - Mg A , 



(119) 



where 



.11 



= 0^ a jri 117 jp^ a j^P + \e xp A p F Ka F Ka 



(0) 



+ 9 ap 



F Xa A p d a A a - x p ( i^d^aM* + --F Ka F Kcr d x A 



1 



+ x p (^F^dvA^Ap - d x A a d f3 (A a F^) - -^ pX d p (A a F Ka F K 



X -A a F° p d x {d p A a + F PtT ) 



It follows from Eq. (fTT%|) that 
d p f pv = d p T p \ 



(120) 



(121) 



where we have used the equation of motion, d p F pu + 0(9) = 0. This shows the compatibility 
of the criteria for translational invariance in the two descriptions, Eqs. (|78|) . (|8Hj) and (|l()9j) . 

Next we show the compatibility of the criteria for Lorentz invariance. It follows from 
Eq. (TTJJ) that 



d p M pXp = d^M^o + 9 aX [F^F^AP - F^ l d a A a d p A p + -F KU F™ F p a J 
- e ap (F° p F aa d„A x - F crp d a A a d x An + -F K(T F™F X 



(122) 



9 A similar map among the symmetric energy-momentum tensors is defined in Ref. |3U|. Note that the energy- 
momentum tensors considered here follow from Noether's prescription. 
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where again the equation of motion, d^F pu + 0(8) = 0, has been used. Now we use the maps 
([71jl and (|T22|) on the left-hand side of Eq. (|TTT|) to obtain 



d^ll pXp - (d^A v - d u A^j (9 x a d a A p d p A v - 9 p a d a A p d x A^ 
= d^M pXp - 9 x a F^ v ^F pa F up + ^F pv F pa ^j + 9 p a F flu \F» a F vX + ^F» u F Xa ) . (123) 



Thus, the left-hand side of criterion (|111|) goes over to the left-hand side of criterion ()82j) 
under the Seiberg-Witten maps, which shows the compatibility of the two criteria for Lorentz 
invariance when 9 transforms as a tensor. Turning to the case when 9 does not transform, we 
now apply the maps (|74|) and (j!22|) on the left-hand side of the criterion (|113j) : 
1 



d^M pXp - -9 X C 
1 



duA v - d u An d p 



A a 2d p A v - d v A p ) -A p 2d a A v - d u A 



+ ~0 p a [d li A v -d v A tl )d» 



A a ( 2d x A u - d v A 



W A A 



A 2d a A v - d v A a 



d M^p + -9 x a [d a (A p F Ka F Ka ) - d p (A a F Ka F* 



-U p 
4 U c 



d a [A A F Ka F K °) — d x (A a F Ka F 



(124) 



Thus, the left-hand side of criterion (j!13j) goes over to the left-hand side of criterion (|84j) up to 
total-derivative terms. The origin of these total-derivative terms is presumably due to the fact 
that =5? and «5? are not exactly equal but differ by a total-derivative term, Eq. (jll6|) . 
We shall now show that using the Noether charges 



d 3 xT 0/ \ J pu = / d 3 xM°^ u 



(125) 



and the canonical equal-time Poisson brackets {A^(t, x), n u (t, y)} = <5^c) 3 (x— y), we can generate 
the transformations of the dynamical variables A{ and TTf. 



{A,Qv} 



C v Ai 



C V TT\ 



The canonical momenta of the theory are 
n° = -9 0i diAj (d°A j - d j A°^ 



,0 7i 



l kl d k A?diA l 



8 01 ( doA^dtA 1 - 2d l A J d A l + dtA Q d l A u + d l A K diA k - d K A l d^ 



l0; 



70 



i 70 



V 7k i 



7i: 



(126) 
(127) 
(128) 



As in the previous section, here also we set 9 0t = 0, so that the above definitions simplify to 



n" = 0, 

It follows from the definitions (fTUH|) . (fTT2^ and (fT3Uj) that 
f 00 = 7?%!° 



(129) 
(130) 



-9% - -diAj - d j A' 

TTidkA ^ + dkftd^diAj 



M m = -T°V 



rA + x°9 j d i A j , 



M 0i i = ffA? - x^&Au - t?A % + x^&Ai 



(131) 
(132) 
(133) 
(134) 
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After some algebra, we find that 



{li,P M } = C dli Ai, [A i: J^ = C X[ii8v] Ai, (135) 
and likewise for 7?j, which proves Eq. (J126|) . We also find that 

{P i ,P j ]=0, (136) 

{-Pi, Jkl} = VikPi ~ Vuh, (137) 

|<^i; Jkl^ = VjkJil + VilJjk — VikJjl - VjlJik, (138) 

from where it follows that 

{Qu,Qv} =Q[u,v], (139) 

where we have restricted to kinematical generators (Pi and Jij) only. Thus we see that although 
doQv 7^ (for rotations and boosts), we still have Eqs. (|126|) and ()139|) . This is necessary for 
establishing the dynamical consistency of the transformations. 

Finally, we would like to mention that for the choice ()1(J3|) of 9, Eq. (|115|) gives c^M^ 23 = 
and d^M^ 01 = 0. The criterion (|113|) for Lorentz invariance when 9 does not transform is not 
compatible with Eq. 1)115(1 in general. However, for this particular choice of 9 the criterion 1)113(1 
also gives <9 M M^ 23 = and d^M^ 01 = 0. Thus, Lorentz invariance is partially restored. 



6 Conclusions 

We have derived, starting from a first-principle Noether-like approach, criteria for preserving 
Poincare invariance in a noncommutative gauge theory with a constant noncommutativity pa- 
rameter 9. The criterion for translational invariance was the same irrespective of whether 9 
transformed as a second-rank tensor or was the same constant in all frames. This criterion was 
then shown to hold by performing an explicit check. Thus, as expected, translational invariance 
was valid. 

The issue of Lorentz invariance (invariance under rotations and boosts) was quite subtle. 
Here we found distinct criteria depending on the nature of transformation of 9. An explicit 
check using the equations of motion confirmed the particular criterion for Lorentz invariance 
when 9fj, u transformed as covariant second-rank tensor. Thus Lorentz invariance was preserved 
only for a transforming 9. 

We have also shown that all the transformations are dynamically consistent. The Noether 
charges generated the appropriate transformations on the phase-space variables. These charges 
also satisfied the desired Lie brackets among themselves. 

The complete analysis was done in both the commutative and noncommutative descriptions. 
By the use of suitable Seiberg-Witten-type maps, compatibility among the results found in the 
two descriptions was established. 

The criteria for Lorentz invriance found here were also consistent with the fact that, for 
a constant non-transforming 9 having special values, the symmetry group breaks down to 
SO(l, 1) x SO(2), a subgroup of the Lorentz group. 

The present analysis fits in with the general notions of observer versus particle Lorentz 
transformations. As is known, usually (without a background) these two approaches to Lorentz 
symmetry agree. In the presence of a background, this equivalence fails since the background 
(here 9^ u ) transforms as a tensor under observer Lorentz transformations but as a set of scalars 
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under particle Lorentz transformations. The effect of observer and particle Lorentz transforma- 
tions was captured here by the distinct set of criteria (Eqs. (|82jl and (|84jl in the commutative 
description and Eqs. and H113[) in the noncommutative description) obtained for a trans- 

forming or a non-transforming 9. Lorentz symmetry was preserved only for a transforming 9 
which conforms to observer Lorentz transformations. 

The analysis of Lorentz symmetry in the presence of the background field 9 seems to parallel 
the discussion of gauge symmetry 10 in the presence of a background magnetic field B. 11 In the 
present treatment, Lorentz symmetry of the action is preserved although there may not be a 
conserved generator. 12 Likewise, gauge symmetry of the action, say for a particle moving in 
the presence of background magnetic field, is preserved although a generator, like the Gauss 
operator, does not exist, since there is no dynamical piece for the gauge field. 

Finally, we mention that the present analysis refers to the standard realization of Poincare 
symmetry over trivial co- commutative Hopf algebra of fields. The principal result, that the 
Lorentz symmetry is restored for a suitably transforming 9, is expected within such a scheme. 
Recently it has been shown 11 2 j that for constant 9, an explicit twisted Poincare symmetry 
is realized within the twisted Hopf algebra of fields. 
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